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Harmonic maps have been studied by so many mathematicians since the famous
paper by Eells-Sampson [10] was published. Especially, about the case that the
source manifold is compact, existence problems have been studied very deeply and
we know many results today. In contrast, about harmonic maps between noncom-
pact manifolds, we do not know so many results yet. On existence, we know only
results for some special cases. For example, in the case that both (source and tar-
get) manifolds are hyperbolic spaces, we know the results by [1], [22], [23], [24] and
[2]. But, no general existence theorem is known. On the other hand, for noncom-
pact case, we can expect not only existence results but.also nonexistence results.
For example, since the notion of “ harmonic map” is a natural extension of one of
“ harmonic function”, it is very reasonable to expect “ Liouville-type theorem”. In
this article we introduce some nonexistence results.
Let $M$ and $N$ be complete Riemannian manifolds of dimension $m$ and $n(m,$ $n\geq$
2) respectively. For a map $U\in C^{1}(M, N)$ we define the energy density $e(U)(p)$ of
$U$ at $p\in M$ by
$e(U)(p)= \frac{1}{2}||dU(p)||^{2}$ ,
where $||||$ denotes the norm induced from the tensor product norm on $T_{p}^{*}M\otimes$
$T_{U(p)}N$ . For a bounded domain $\Omega\subset M$ , we define the energy of $U$ on $\Omega$ by
$E(U; \Omega)=\int_{\Omega}e(U)d\mu$ ,
where $d\mu$ stands for the volume element on $M$ . A map $U$ : $Marrow N$ is said to be
harmonic if is of class $C^{2}$ and satisfies the Euler-Lagrange equation of the energy
functional.
As mentioned above, it seems to be reasonable to expect that a Liouville-type
theorem will hold about harmonic maps. In fact, a Liouville-type theorem has been
proved by S.Hildebrandt-J.Jost-K.-O.Widman [17]. (See also [4], [11] and [28].)
Theorem 1.1 $(\mathrm{H}\mathrm{i}\mathrm{l}\mathrm{d}\mathrm{e}\mathrm{b}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{d}\mathrm{t}-\mathrm{J}\mathrm{o}\mathrm{s}\mathrm{t}-\mathrm{w}\mathrm{i}\mathrm{d}\mathrm{m}\mathrm{a}\mathrm{n}[17])$. Let $U$ be a harmonic map of
simple or compact Riemannian manifold $M$ of class $C^{1}$ into a complete Riemannian
manifold $N$ of class $C^{3}$ , the sectional curvature of which is bounded from above by
a constant $\kappa^{2}\geq 0$ . Denote by $B_{R}(q)$ a geodesic ball in $N$ with radius $R<\pi/(2\kappa)$
which does not meet the cut locus of its center $q_{0}$ . Assume also that the range $U(M)$
of the map $U$ is contained in $B_{R}(q_{0})$ . Then $U$ is a constant map.
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Here, a Riemannian manifold is said to be simple if it is diffeomorphic to an
Euclidean $m$-space $\mathbb{R}^{m}$ and furnished with a metric for which associated Laplace-
Beltrami operator is uniformly elliptic.
For the case that the target manifold $N$ ’has a $po\dot{l}eq_{0}$ (i.e. the \’exponential map
at $q_{0}$ gives a diffeomorphism between $N$ and an Euclidean space) and whose radial
curvature is bounded by a sufficiently rapidly decreasing function of the distance
from the pole, L.Karp [19] proved that nonconstant harmonic maps defined on
a complete, noncompact manifold satisfy a certain growth order condition. This
result implies nonexistence of nonconstant harmonic maps under some growth order
condition.
Theorem 1.2 (Karp [19]). Let $U$ : $Marrow N$ be a harmonic map and suppose $N$
has a pole $q_{0}$ and all radial curvature at $q\in N$ are smaller than or equal to $K(r)$ ,
$r=.\mathrm{d}\mathrm{i}\mathrm{S}\mathrm{t}(q, q\mathrm{o})$ , where $K$ : $[0, \infty)arrow \mathbb{R}$ satisfies $0<1- \int_{0}^{\infty}rK(r)dr=\delta\leq 1.$ If $U$
is not constant then
$\lim_{rarrow}\sup\infty\frac{1}{r^{2}F(r)}\int_{B_{r}(q)}0\mathrm{d}\{\mathrm{i}\mathrm{s}\mathrm{t}(U(_{X),q)\}=+}\mathrm{o}pd\mu\infty$
for every $F\in \mathcal{F}^{\cdot}$ and every $p>2-\delta$ , where
$F= \{F : (\mathrm{o}, \infty)arrow(0, \infty)|\int_{1}^{\infty}\frac{dr}{rF(r)}=+\infty\}$ .
These results show nonexistence of harmonic maps under the conditions on
the growth of the maps. On the other hand, in [14] $\mathrm{S}.\mathrm{I}$ .Goldberg-T.Ishihara-
$\mathrm{N}.\mathrm{C}$ .Petridis proved a nonexistence result of another type. (See also [13] and [27].)
Theorem 1.3 $(\mathrm{G}\mathrm{o}\mathrm{l}\mathrm{d}\mathrm{b}\mathrm{e}\mathrm{r}\mathrm{g}-\mathrm{I}\mathrm{S}\mathrm{h}\mathrm{i}\mathrm{h}\mathrm{a}\Gamma \mathrm{a}-\mathrm{p}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{d}\mathrm{i}\mathrm{S}[14])$ . Let $M$ be a complete con-
nected locally flat Riemannian manifold and $N$ a Riemannian manifold with neg-
ative sectional curvature bounded away from $0$ . Then a harmonic map of bounded
dilatation $U:Marrow N’$ is a constant.
Here, a map $\varphi$ : $(M, h)arrow(N, g)$ is said to have bounded dilatation if there exists
a number $K$ such that for each$\cdot$ $x\in M$ , either $d\varphi(x)=0$ or $\lambda_{1}/\lambda_{2}\leq K$ , where
$\lambda_{1}\geq\lambda_{2}\geq\ldots\geq\lambda_{r}>0$
are the positive eigenvalues of the pull-back metric $\varphi^{*}g$ . W.S.Kendall [20] , [21]
gave probabilistic extension of this result. (See also Theorem 1.2 of [3].)
For the case that $N$ is a Hadamard manifold whose sectional curvature is bounded
above by a nonpositive constant, in [30] the author has shown nonexistence of a
harmonic map $U$ from an Euclidean $\mathrm{m}$-space $\mathbb{R}^{m}$ to $N$ under certain nondegeneracy
condition (1.2) below. Moreover, the above result was extended in [31].
Theorem 1.4 (Tachikawa [31]). Let $M$ be a Riemannian $m$ -manifold with a pole
$p_{0}\in M,$ $(x^{1}, \ldots, x^{m})$ a normal coordinate system centered at $p_{0}$ and $k_{M}(x)$ the
minimum of the sectional curvature of $M$ at $x$ . Assume that
(1.1) $- \min\{k_{M}(X), 0\}\leq O(r^{-2})$ as $r=|x|arrow\infty$ .
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Let $N$ be an Hadamard $n$ -manifold whose sectional curvature are bounded above by
a negative constant $-\kappa^{2}$ . Then there exists no harmonic map $U$ : $Marrow N$ which
satisfies the following condition.
(1.2) $|x|^{2} \{\frac{\kappa}{\sinh(\kappa\rho(x))}\}^{2}\{e(U)(X)-e(\rho)(x)\}\geq\epsilon_{0}>0$
where $\rho(x)=\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}_{N}(U(\mathrm{O}), U(x))$ and $e(\rho)(x)=h^{\alpha\beta}(x)D\alpha\rho(X)D\beta\rho(x)$ .
Let $u(x)$ be an expression of $U(x)$ with respect to a normal coordinate system
$(u^{1}, \ldots, u^{n})$ on $N$ centered at $U(p_{0})$ . We can see that
$e(u)(X)-e( \rho)(x)=|u|^{2}gij(u)h\alpha\beta(x)D\alpha\frac{u^{i}}{|u|}D_{\beta^{\frac{u^{j}}{|u|}}}$ ,
where $|u(x)|=\sqrt{\sum_{i--1}^{n}(u(X)i)^{2}}$ . Moreover, the assumption on the curvature of $N$
implies that
$|u|^{2}g_{i}j(u)x^{i}x^{j} \geq\{\frac{\sinh(\kappa|u|)}{\kappa}\}^{2}|X|^{2}$, for $X\in \mathbb{R}^{n}$ with $g_{ij}(x)Xiuj=X^{i}u^{j}=0$ .
(See Lemma 2.1 of [31].) Thus, we get
$\{\frac{\kappa}{\sinh(\kappa\rho(x))}\mathrm{I}^{2}\{e(u)(_{X)(}-e\rho)(_{X)\}}$
$\geq\sum_{i=1}^{n}h\alpha\beta(_{X})D_{\alpha}\frac{u^{i}}{|u|}D_{\beta}\frac{u^{i}}{|u|}$.
Therefore, writing $\xi=u/|u|$ we can employ the condition
(1.3) $e( \xi)(x)=\sum_{i=1}^{n}h^{\alpha\beta}(x)D\alpha\xi iD\beta\xi^{i}\geq\epsilon_{0}/|x|2$ ,
instead of (1.2). This is the reason to call (1.2) a rotational nondegeneracy condi-
tion.
On the other hand, $\mathrm{A}.\mathrm{R}\mathrm{a}\mathrm{t}\mathrm{t}_{0}-\mathrm{M}.\mathrm{R}\mathrm{i}\mathrm{g}\mathrm{o}\mathrm{l}\mathrm{i}[26]$ showed a nonexistence result of similar
type for harmonic maps $U$ from a model $M^{m}(f)$ to $N$ as above. Here a model
$M^{m}(f)$ is a warped product manifold $[0, \infty)\cross_{f}S^{m-1}$ i.e.
$M^{m}(g)=([0, \infty)\cross s^{m-1},$ $dr^{2}+f^{2}(r)d\theta^{2})$ .
Theorem 1.5 $(\mathrm{R}\mathrm{a}\mathrm{t}\mathrm{t}\mathrm{o}-\mathrm{R}\mathrm{i}\mathrm{g}\mathrm{o}\mathrm{l}\mathrm{i}[26])$ . Let $N$ be a Hadamard manifold with sectional
curvature bounded above by a negative constant and $M^{m}(f)$ a model such that
$[f]^{-1}\not\in L^{1}(+\infty)$ and $f’$ is bounded above by some positive constant. Then, there
are no nonconstant harmonic maps $U$ : $M^{m}(f)arrow N$ such that, on {$x\in M^{m}(f)$ :
$U(x)\neq U(\mathrm{o})\}$
(1.4) $e( \xi)\geq\frac{c}{f^{2}(r)}$ for some constant $c>0$ ,
where $\xi$ is as in (1.3).
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Anyway, in these results, global conditions (1.2) or (1.4) are assumed. In the
following theorem, the global condition (1.2) are replaced by a condition on the
asymptotic behavior of $U$ .
Theorem 1.6 (Akutagawa-Tachikawa [3]). Let $M$ be a simple Riemannian
$m$-manifold with a pole $p_{0}\in M,$ $(X^{1}, \ldots, X^{m})$ a normal coordinate system centered
at $p_{0}$ and $k_{M}(x)$ the minimum of the sectional curvature of $M$ at $x$ . Assume that
$k_{M}(x)$ satisfies (1.1). Let $N$ be an Hadamard $n$ -manifold whose sectional curvature
are bounded above by a negative $constant-\kappa^{2}$ . Then there exists no harmonic map
$U:Marrow N$ which satisfies the following condition.
(1.5) $\lim\inf_{arrow|x|\infty}(\log|x|)\{|x|^{2}(\frac{\kappa}{\sinh(\kappa\rho)})^{2}(e(U)(\dot{X})-e(\rho)(x))\}>0$,
where $\rho(x)=dist_{N}(U(X), q\mathrm{o})$ for an arbitrarily fixed point $q_{0}\in N$ .
Now, to state the next result, let us introduce some notations.
For a Riemannian manifold $P=(P^{p}, \gamma)$ , $(, )_{\gamma(q)}$ denotes the inner product on
the tangent space $T_{q}P$ with respect to the metric $\gamma$ and $||X||_{\gamma}(q)=\sqrt{(X,X)\gamma(q)}$ .
If $P$ has a pole $q_{0}$ , let $\sigma(q0, q)(t)$ be the geodesic curve such that $\sigma(q0, q)(\mathrm{o})=q_{0}$
and $\sigma(q_{0}, q)(1)=q,$ $K_{P}(q;\pi)$ the sectional curvature of $P$ at $q$ with respect to the
plane section $\pi$ and $k_{P,\mathrm{r}\mathrm{a}\mathrm{d}}$ $(q ; q_{0})$ the maximum of the radial curvature of $P$ at $q$ ,
i.e.
(1.6) $k_{P,\mathrm{r}\mathrm{a}} \mathrm{d}(q ; q_{0}):=\max\{Kp(q ; \pi) : \pi\ni\sigma’(q0, q)(1)\}$ .
Moreover, let us define the minimum eigen value of $\gamma(q)$ with respect to the tangent
vectors which are orthogonal to the $\sigma’(q0, q)(1),$ $\lambda_{P}(q;q\mathrm{o})$ by
(1.7) $\lambda_{P}(q;q0):=\inf\{||\xi||_{\gamma(q}2/)|\xi|2$ ; $(\xi, \sigma’(q0, q)(1))\gamma(p)=0\}$ .
Here and in the sequel, $||$ denotes the standard Euclidean norm.
For the case that the source manifold $M$ is an Euclidean space, the assumption
on the curvature of the target manifold $N$ can be weaken as follows.
Theorem 1.7 ([32]). Let $N=(N^{n}, g)$ be a Hadamard $n$-manifold. Assume that
(1.8) $\{$dist $(p_{0,p)}\}^{2}|kN,\mathrm{r}\mathrm{a}\mathrm{d}(p;p0)|\geq\kappa>0$ as dist $(p_{0},p)arrow\infty$ .
Then there exists no harmonic map $U$ : $\mathbb{R}^{m}arrow N$ which satisfies the following
condition.
(1.9) $\lim_{|x|arrow}\inf_{\infty}\{|x|^{2}(\frac{1}{\rho^{2}\lambda_{N}(U(x),q_{0})}.)(e(U)(x)-e(\rho)(x))\}>0$ ,
where $\rho(x)=\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}_{N}(U(X), q\mathrm{o})$ for some $q0\in N$ .
Remark. The case that $N$ satisfies the curvature condition in Theorem 1.6, we
can take
$\lambda_{N}(U(X);q0)=(\frac{1}{\kappa}\sinh\kappa|u(X)|\mathrm{I}2$
Therefore, the difference between the conditions (1.5) and (1.9) is only $\log|x|$ .
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In the next section, we show the outline of the proof of Theorem 1.7.
2. OUTLINE OF THE PROOF OF THEOREM 1.7
First of all, we need some differential geometric estimates which are b.as$\mathrm{e}\mathrm{d}$ onRauch’s comparison theorem (cf. Lemma 6 of [17]).
Lemma 2.1. Let $N$ be a Riemannian $n$ -manifold with a pole $q_{0\mathrm{z}}$ $(y^{1}, \cdots , y^{n})a$
normal coordinate system centered at $q_{0}$ and $(g_{ij}(y))$ the metric tensor with respect
to the normal coordinate system. Let $f$ be a function of class $C^{2}(\mathbb{R}_{+}, \mathbb{R}_{+})$ which
satisfy
(2.1) $\lim_{tarrow 0}\frac{f(t)}{t}=1,$ $f(t)>0\forall t\in(0, \infty)$ .
Assume that
(2.2) $k_{N_{\Gamma \mathrm{a}}\mathrm{d}(0},;y) \leq-\frac{f^{\prime/}(t)}{f(t)}$ ,
where $t=|y|=\sqrt{\sum_{j^{--}1}^{n}(y^{j})^{2}}$. Then we have the following estimates
(2.3) $g_{ij}(y)(xix^{j}+y^{k} \Gamma_{kl}^{i}(y)x^{j}X\iota)\geq|\zeta|^{2}+t\frac{f’(t)}{f(t)}g_{ij}(y)\epsilon^{i}\xi j$ ,
(2.4) $\backslash g_{ij}(y)x^{i}x^{j}\geq|\zeta|^{2}+\frac{f^{2}(t)}{t^{2}}|\xi|^{2}$ ,
for all $y,$ $X\in \mathbb{R}^{n}$ , where $t=|y|,$ $\zeta=(X, y)y/t^{2}$ and $\xi=X-\zeta$ .
The estimates as (2.3) are used very often to estimates nonlinear terms of the
equations of harmonic maps.
Let $u=(u^{1}(x), \cdots, u^{n}(x))$ be the expression of a harmonic map $U$ : $\mathbb{R}^{m}arrow N$
in terms of a normal coordinate system centered at any fixed point $q_{0}$ in $N$ . Then
$u$ satisfies the following equation of weak form.
$(2.5) \int_{\mathbb{R}^{m}}\sum_{\alpha=1}^{m}gij\{D_{\alpha}u^{i}D_{\alpha}\varphi^{j}+\varphi^{k}\Gamma_{kl}^{j}.D\alpha u\alpha u^{j}lD\}dX=0$ , $\forall\varphi\in C_{0}^{\infty}(\mathbb{R}^{m}, \mathbb{R}^{n})$ .
Proposition 2.2. Let $N,$ $f$ be as in Lemma 2.1 and $u$ the expression of a harmonic
map $U:\mathbb{R}^{m}arrow N$ with respect to a normal coordinate system on $N$ centered at an
arbitrary fixed point $q_{0}\in N$ . Then we have the following differential inequality for
$|u|$ .
(2.6) $\Delta|u|(X)-\frac{f’(|u|)}{f(|u|)}\{e(u)(X)-e(|u|)(x)\}\geq 0$ ,
$where|u|=\sqrt{\sum_{i^{--}1}^{n}(u^{i})^{2}},$ $e(u)= \sum_{\alpha=1}^{m}g^{i}j(u)D\alpha uDu^{j}\alpha’ e(i|u|)=\sum_{\alpha=1}^{m}D_{\alpha}|u|D_{\alpha}|u|$.
Moreover, if $u$ satisfies (1.9), then we get
(2.7) $\triangle|u|-\frac{\epsilon_{0}}{|x|^{2}}ff’(|u|)\geq 0$ on $\mathbb{R}^{m}\backslash B_{R_{0}}(0)$
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for some $\epsilon_{0}>0$ and $R_{0}>0$ .










$\zeta=(\zeta_{\alpha}^{i}),$ $\zeta_{\alpha}^{i}=\frac{\sum_{j=1}^{n}u^{j}D_{\alpha}uj}{|u|^{2}}u^{i}$ and $\xi=(\xi_{\alpha}^{i})=(D_{\alpha}u^{i}-\zeta_{\gamma}^{i})$ .




From (2.8), (2.9) and (2.10), we can deduce that $|u|$ satisfies the differential in-
equality (2.6).
Now, assume that $u$ satisfies (1.9). Then there exist $\epsilon_{0}>0$ and $R_{0}>0$ such
that
(2.11) $|x|^{2}( \frac{1}{|u|^{2}\lambda N,\mathrm{r}\mathrm{a}\mathrm{d}(0,u(X))}.)\{e(u)(X)-e(|u|)(x)\}\geq\epsilon_{0}$ for $x\in \mathbb{R}^{m}\backslash B_{R_{0}}$ .
On the other hand, (2.4) implies that
(2.12) $\lambda_{N,\mathrm{r}\mathrm{a}}\mathrm{d}(0, u(x))\geq\frac{f^{2}(|u(x)|)}{|u(x)|^{2}}$ .
Thus, combining (2.11) and (2.12), we get
(2.13) $|x|^{2} \frac{1}{f^{2}(|u|)}\{e(u)(X)-e(|u|)(x)\}\geq\epsilon_{0}$ for $x\in \mathbb{R}^{m}\backslash B_{R_{0}}$ .
Now, from (2.6) and (2.13), we get the differential inequality (2.7). $\square$
Now, we can prove Theorem 1.1 by comparing $|u|$ with a blow-up supersolution
of (2.7). The following theorem due to T.Nagasawa [25] gives us blow up solutions
of $(2.7)$ .
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(2.16) $(ff^{l})’(r)\geq 0$ for $r\geq 0$ ,
(2.17) $f(r)=br+O(r^{3})$ as $r\downarrow \mathrm{O}$ for some $b>0$ ,
(2.18) $\int^{\infty}\frac{dr}{f(r)}<\infty$ .
Then the following facts hold.
(1) There exists a solution $r(t)$ to $(2.14)-(2.15)$ which blows up in finite time.
(2) The set of all solutions is $a$ one-parameter family $\{r_{\lambda}(t)=r(\lambda t))\}_{\lambda}\geq 0$ .
Here $r(t)$ is the solution in the first assertion. In particular there exists no
global solution except zero solution.
(3) For any $T\in(0, \infty)$ there exists a unique solution to $(2.14)-(2.15)$ which
blows up at $t=T$ .
Moreover it is known that the solutions of (2.14) - (2.15) are nondecreasing.
Proof of Theorem 1.7.
Let $u(x)$ be the expression of a harmonic map $U$ : $\mathbb{R}^{m}arrow N$ with respect to a
normal coordinate system $y=$ $(y^{1}, \cdots , y^{n})$ on $N$ centered at arbitrary fixed point
$q_{0}\in N$ . Take $R_{0}$ as in Proposition 2.1 and put $\xi=\sup_{B_{R_{0}}}|u|$ . Assume that $U$ is
not a constant map. Then $|u|$ can not remain bounded because of a Liouville-type
theorem due to [17]. Thus, there exists a compact set $D_{0}\subset \mathbb{R}^{m}\backslash B_{R_{0}}$ on which
$|u|\geq\xi+1$ .
Under the assumption on $N$ in Theorem 1.7, one can find a function $f$ which
satisfies the assumptions in Lemma 2.1 and Theorem 2.3. Thus there exist a one-
parameter family of solutions $r_{\lambda}(t)$ to (2.14), or equivalently to the equation
(2.19) $\triangle r_{\lambda(||)}X-\frac{\epsilon_{0}}{|x|^{2}}ffl(r_{\lambda}(|X|))=0$ ,
which blow up at $|x|=T/\lambda$ for some $T>0$ as in Theorem 2.1. Since $r(\mathrm{O})=0$ , we
can take $\lambda_{0}>0$ sufficiently small so that $D_{0}\subset B_{T/\lambda_{0}}$ and





(2.21) $\Delta\psi(x)-\frac{\epsilon_{0}}{t^{2}}ff’(\psi(X))\leq 0$ in $\mathbb{R}^{m}$ .
(2.22) $\psi(x)\geq\xi$ on $\partial B_{R_{0}}$ and $\lim_{|x|arrow T/\lambda}\psi(x)=+\infty$ .
Now, using comparison theorem for elliptic equations, we can see that
(2.23) $|u(x)|\leq\psi(x)$ on $B_{T/\lambda\backslash R_{0}}B$ .
On the other hand (2.20) implies that $u(x)>\psi(x)$ on $D_{0}$ . This is a contradic-
tion. $\square$
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